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Partially ordered patterns (POPs)

A partially ordered pattern is a poset on the labels {1,2,…, k}

A permutation  contains a partially ordered pattern  if there is a subwordπ P

     with           such that          if         in    π(i1)π(i2)⋯π(ik) i1 < i2 < ⋯ < ik π(iℓ) < π(im) ℓ < m P
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Example

 must be the lowest, then π(i3) π(i1)

 and  are incomparableπ(i2) π(i4)

This implies avoidance of the patterns 2314 and 2413 



POP classes

A POP can be defined by avoidance of classical patterns 

We call Av(P) a POP class. Not every permutation class is a POP class

https://gist.github.com/christianbean/e1df518db2b776b4ff2254b0a739cbd5
Code for checking:



Symmetric equivalence 

There are  permutation classes avoiding patterns of size 2n! n

Two permutation classes are symmetrically equivalent if they can be obtained by applying a 
symmetry of the square

The number of (finitely based) permutation classes avoiding size  patterns gives the sequencen
1, 2, 3, 21, 2139264, …



Symmetric equivalence

1, 3, 19, 219, 4231, 130023, 6129859, …

The number of POP classes of size  gives the sequencen

Gao and Kitaev gave two operations
• complementing labels of the poset corresponds to the reverse of the permutation class

• reversing the relations corresponds to the complement of the permutation class

The number of POP classes of size  up to symmetric equivalence is n

1, 2, 7, 64, 1068, 32561, …
Brute force



Inverse of a POP class

4

1

32

The permutation class Av(1342, 1432) is the POP class avoiding 

The inverse Av (1342, 1432) is Av(1423, 1432) which is the POP class avoiding −1
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The permutation class Av(123, 132, 231) is a POP class but its inverse Av(123, 132, 312) is not. 
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Abstract

Partially ordered patterns (POPs) generalize the notion of classical patterns
studied in the literature in the context of permutations, words, compositions and
partitions. In this paper, we give a number of general, and specific enumerative re-
sults for POPs in permutations defined by bipartite graphs, substantially extending
the list of known results in this direction. In particular, we completely characterize
the Wilf-equivalence for patterns defined by the N-shape posets.

Mathematics Subject Classifications: 05A05, 05A15

1 Introduction

An occurrence of a (classical) permutation pattern p = p1 · · · pk in a permutation
π = π1 · · · πn is a subsequence πi1 · · · πik , where 1 ! i1 < · · · < ik ! n, such that πij < πim

if and only if pj < pm. For example, the permutation 364125 has two occurrences of the
pattern 123, namely, the subsequences 345 and 125, while this permutation avoids (that
is, has no occurrences of) the pattern 4321. Permutation patterns are an active area of
research that attracts much attention in the literature (e.g. see [1, 2, 3, 7] and references
therein).

A partially ordered pattern (POP) p of length k is defined by a k-element partially
ordered set (poset) P labeled by the elements in [k] := {1, . . . , k}. An occurrence
of such a POP p in a permutation π = π1 · · · πn is a subsequence πi1 · · · πik , where
1 ! i1 < · · · < ik ! n, such that πij < πim if j < m in P . Thus, a classical pattern of
length k corresponds to a k-element chain. For example, the

POP p =
3 2
1 occurs four times in the permutation 41253, namely, as the subse-

quences 412, 413, 423, and 453, as in each of these subsequences the element in position 1
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Abstract
Partially ordered patterns (POPs) generalize the notion of classical patterns

studied widely in the literature in the context of permutations, words, compositions
and partitions. In an occurrence of a POP, the relative order of some of the elements
is not important. Thus, any POP of length k is defined by a partially ordered set
on k elements, and classical patterns correspond to k-element chains. The notion
of a POP provides a convenient language to deal with larger sets of permutation
patterns.

This paper contributes to a long line of research on classical permutation patterns
of length 4 and 5, and beyond, by conducting a systematic search of connections
between sequences in the Online Encyclopedia of Integer Sequences (OEIS) and
permutations avoiding POPs of length 4 and 5. As the result, we (i) obtain 13 new
enumerative results for classical patterns of length 4 and 5, and a number of results
for patterns of arbitrary length, (ii) collect under one roof many sporadic results in
the literature related to avoidance of patterns of length 4 and 5, and (iii) conjecture
6 connections to the OEIS. Among the most intriguing bijective questions we state,
7 are related to explaining Wilf-equivalence of various sets of patterns, e.g. 5 or 8
patterns of length 4, and 2 or 6 patterns of length 5.

Mathematics Subject Classifications: 05A05, 05A15
⇤Supported by the Fundamental Research Funds for the Central Universities (31020170QD101) and

the National Science Foundation of China (No. 11801447).
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Bipartite  regular insertion encoding⟺

Theorem
A POP class has a regular insertion encoding if and only if it is bipartite

We show that the generating function of any bipartite POP class can be computed algorithmically 



Insertion encoding 

A language for encoding permutations
⋄

⋄ 1 ⋄

3 2 5 1 4 ⋄
3 2 ⋄ 1 4 ⋄
3 2 ⋄ 1 ⋄
⋄ 2 ⋄ 1 ⋄

3 2 5 1 4 6

The insertion encoding of 
325146 is m1m1f1l2f1f1

Let  be the language formed by the insertion encodings of a permutation class ℒ(𝒞) 𝒞

Theorem [Albert, Linton, and Ruškuc (2005), Vatter (2012)]
For a permutation class , the following are equivalent 
1. The language  is regular
2. There are at most k slots in any evolution
3. The set  contains at least one permutation in each of Av(132, 312), Av(213, 231), 

Av(123, 3142, 3412), and Av(321, 2143, 2413)

Av(B)
ℒ(Av(B))

B



Insertion encoding as tilings 

⋄
1 1 ⋄

⋄ 1 ⋄ 1 ⋄



Insertion encoding 

Theorem [Albert, Linton, and Ruškuc (2005), Vatter (2012)]
For a permutation class , the following are equivalent 
1. The language  is regular
2. There are at most k slots in any evolution
3. The set  contains at least one permutation in each of Av(132, 312), Av(213, 231), 

Av(123, 3142, 3412), and Av(321, 2143, 2413)

Av(B)
ℒ(Av(B))

B

Theorem
A POP class has a regular insertion encoding if and only if it is bipartite
Proof ( )
A non-bipartite POP contains a chain with , which implies every basis element contains 
some size three pattern, so can’t meet condition 3. 

⟹
a < b < c



Proof of theorem ( )⟸

Theorem
A POP class has a regular insertion encoding if and only if it is bipartite

Proof ( )
Let  be the lower elements of size two chains and  be the 
remaining elements

⟸
A = {a1, a2, …, ak} B = {b1, b2, …, bn−k}

Any permutation in which the values at indices in  are  and at indices in B are 
 are in the basis

A {1, 2, …, k}
{k + 1, k + 2, …, n}
Setting these as increasing or decreasing gives a permutation from each of the four classes



Moral of the story

If you see a lot of rational generating functions check if your permutation classes have a regular 
insertion encoding
If you’re only interested in one permutation class, it is easy to check with Permuta (https://github.com/
PermutaTriangle/Permuta) if it has a regular insertion encoding, using our command line tool

You can also check for finitely many simple permutations which implies another automatic method

christianbean@my-macbook /Users/christianbean  
% permtools insenc '31425, 31524, 32415, 32514, 41235, 41325, 42135, 42315, 43125, 43215' 
Av(20314,20413,21304,21403,30124,30214,31024,31204,32014,32104) does not have a regular 
insertion encoding 
christianbean@my-macbook /Users/christianbean  
% permtools insenc '123, 3142, 3412' 
The class Av(012,2031,2301) has a regular rightmost insertion encoding 

christianbean@my-macbook /Users/christianbean  
% permtools simple '123, 3142, 3412' 
The class Av(012,2031,2301) has infinitely many simples 
christianbean@my-macbook /Users/christianbean  
% permtools simple '132, 312' 
The class Av(021,201) has finitely many simples.

https://github.com/PermutaTriangle/Permuta
https://github.com/PermutaTriangle/Permuta


Counting size 5 POP classes 

TileScope has enumerated all size 4 POP classes as 
these are defined by avoiding size 4 patterns.  
The results can be found at https://permpal.com/

We applied TileScope to size 5 POPs, and collected all 
our results on PermPAL

We settled five of the six conjectures from Gao and 
Kitaev

?
This is Av(31425, 31524, 32415, 32514, 41235, 41325, 
42135, 42315, 43125, 43215). The generating function 
satisfies

(4x − 1)F(x)4 − (16x − 6)F(x)3 + (x2 + 24x − 13)F(x)2 − (16x − 12)F(x) + 4x − 4 = 0



End on a conjecture

The proof of our theorem showed that every non-bipartite POP, there is a size three pattern  such 
that Av( ) is a subclass

σ
σ

Conjecture
A POP class has a rational generating function if and only if it is bipartite

Our data suggests the following

This is not sufficient since every permutation class is contained in some rational permutation class


