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Background

The powered Catalan numbers are an integer sequence counting Sn(1234). This
appears as OEIS A113227. In [2], Baxter and Shattuck conjecture that Sn(2314) is
counted by the powered Catalan numbers [2, Conjecture 22]. Beaton et. al. refined
this conjecture by the statistic lmin [3, Conjecture 23]. Lin and Fu further refined the
conjecture by considering four statistics on permutations as well as four statistics on
inversion sequences.

Conjecture

[5, Conjecture 4.2] The quadruple (rmin, lmin, rmax, asc) on Sn(2314) has the
same distribution as (zero,max, rmin, rep) on In(110).

Main Result

Let Sn,2 be the permutations on [n] that have exactly two ascents. Let In,2 be the
inversion sequences of length n that have exactly two repeats.
The quadruple (rmin, lmin, rmax, asc) on Sn,2(2314) has the same distribution as
(zero,max, rmin, rep) on In,2(110).

Inversion Sequence Statistics

The inversion sequences In are the n-tuples (e1, · · · , en) such that ei ≤ i− 1.

Zero(e) = {i | ei = 0}
Max(e) = {i | ei = i− 1}

RLmin(e) = {i | ei < ej for all j > i}
Row(e) = {i | ei 6= 0, ei does not occur in the suffix ei+1ei+2 · · · en}
Rep(e) = {i | ei does occur in the suffix ei+1ei+2 · · · en}

Emp(e) = {i + 1 | i does not occur in e}
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Example of β = bcode ◦ inv

β(72683154) = 01102363
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RLminV(72683154) = {1, 4} Zero(01102363) = {1, 4}
LRminV(72683154) = {7, 2, 1} Max(01102363) = {1, 2, 7}
RLmaxV(72683154) = {8, 5, 4} RLmin(01102363) = {4, 5, 8}

DesTV(72683154) = {7, 8, 3, 5} Row(01102363) = {3, 5, 7, 8}
AscBV(72683154) = {2, 6, 1} Rep(01102363) = {1, 2, 6}
AscTV(72683154) = {6, 8, 5} Emp(01102363) = {5, 6, 8}

Involution on Inversion Sequences

Let Rep(e) = {u,w} with eu = b and ew = a. Let i, k ∈ Row(e) such that ei = a and
ek = b. Let Emp(e) = {j, z} where j < z with ej = c and ez = h. If j > k, let em = d
be the unique value appearing in e, but not in the sub-inversion sequence (e1, · · · , ej). If
i < u, let ev = a′ be the unique value appearing in e, but not in the sub-inversion sequence
(e1, · · · , eu).

τ1(e) =


(
k i j

)
(e) u < i, j < k

(k i)(m j)(e) u < i, j > k(
k v j

)
(e) u > i, j < k

(k v)(m j)(e) u > i, j > k

τ2(f ) =


(
j k m

)
(f ) u < i, fm < b (fm = fi = a)

(i k)(j m)(f ) u < i, fm > b(
j k m

)
(f ) u > i, fm < b (fm = fv = a′)

(v k)(j m)(f ) u > i, fm > b

Bijection

Consider the following map ϕ : Sn,2→ In,2.

ϕ(x) =


β(x) x ∈ Sn(2314), β(x) ∈ In(110)
β(x) x /∈ Sn(2314), β(x) /∈ In(110)

(τ1 ◦ β)(x) x ∈ Sn(2314), β(x) /∈ In(110)
(τ2 ◦ β)(x) x /∈ Sn(2314), β(x) ∈ In(110)

Bijection Examples

ϕ(43875216) = 01230426 ϕ(48532176) = 01230354

ϕ(53874162) = 00214326 ϕ(48531762) = 00231354
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(rmin, lmin, rmax, asc)(43875216) = (2, 4, 3, 2) = (zero,max, rmin, rep)(01230426)

(rmin, lmin, rmax, asc)(48532176) = (2, 4, 3, 2) = (zero,max, rmin, rep)(01230354)

(rmin, lmin, rmax, asc)(53874162) = (2, 3, 4, 2) = (zero,max, rmin, rep)(00214326)

(rmin, lmin, rmax, asc)(48531762) = (2, 3, 4, 2) = (zero,max, rmin, rep)(00231354)

https://oeis.org/A113227

