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Overview of the talk

» Generating trees and kernel method
» Pattern-avoiding inversion sequences

» Some new enumerative results for inversion sequences
avoiding 021 and a five-letter pattern.



Generating trees for combinatorial classes

Any set C of discrete objects with a notion of a size such that for
each n there are finitely many objects of size n is called a
combinatorial class.



Generating trees for combinatorial classes

Any set C of discrete objects with a notion of a size such that for
each n there are finitely many objects of size n is called a
combinatorial class.

A generating tree for C is a rooted, labeled, ordered tree whose
vertices are the objects of C with the following properties:

(i) each object of C appears exactly once in the tree;
(i) objects of size n appears at the level n in the tree;

(iii) each object’s children are obtained by a set of succession rules
which determines the number of children and their labels.



Examples

» Fibonacci Tree:

» Catalan Tree:

Root: (1),
Rules: (m) ~ (2)(3)---(m+1)



From generating trees to generating functions

Fibonacci Tree:

Root: (1),
Rules: (1) ~~ (2)
(2) ~ (1(2)



From generating trees to generating functions

Fibonacci Tree:
Root: (1),
Rules: (1) ~~ (2)
(2) ~ (1)(2)

Let a, = the number of vertices at the level n, n > 1. The root is
at the level 1.



From generating trees to generating functions

Fibonacci Tree:
Root: (1),
Rules: (1) ~~ (2)
(2) ~ (1)(2)
Let a, = the number of vertices at the level n, n > 1. The root is

at the level 1.

We want to compute the generating function A(x) = Y 77, anx".



From generating trees to generating functions

Fibonacci Tree:
Root: (1),
Rules: (1) ~~ (2)
(2) ~ (1)(2)
Let a, = the number of vertices at the level n, n > 1. The root is
at the level 1.

We want to compute the generating function A(x) = Y 77, anx".

Let A;(x) denote the generating function corresponding to the
(sub)-tree with root label (/). Then, we get

Al(X) = X+XA2(X)
A2(X) = X+XA1(X)+XA2(X)



From generating trees to generating functions

Fibonacci Tree:

Root: (1),
Rules: (1) ~~ (2)
(2) ~ (1(2)

Let a, = the number of vertices at the level n, n > 1. The root is
at the level 1.

We want to compute the generating function A(x) = Y 77, anx".

Let A;(x) denote the generating function corresponding to the
(sub)-tree with root label (/). Then, we get

Al(X) = X+XA2(X)
A2(X) = X+XA1(X)+XA2(X)

Solving these equations yields A;(x)

_ X
1—x—x2*

The number of vertices at each level are 1,1,2,3,5,8,. ..



Catalan Tree

Root: (1),
Rules: (m) ~ (2)(3)---(m+1)



Catalan Tree

Root: (1),
Rules: (m) ~ (2)(3)---(m+1)

Am(x) = x4+ x[A2(x) + A3(x) + - + Amt1(x)]  forany m > 1.



Catalan Tree

Root: (1),
Rules: (m) ~ (2)(3)---(m+1)

Am(x) = x4+ x[A2(x) + A3(x) + - + Amt1(x)]  forany m > 1.

Hence
Amt1(x) = Am(x) = xAm+2(x).
Let A(x,u) = 3% | Ap(x)u™ L.

We want to determine

A(x,0) = Ai(x).



Kernel Method

Multiplying Apmy1(x) — Am(x) = xAmi2(x) by u™! and summing
over m > 1, we get

L(A(x, ) — Ax(x)) = Alx, 1) = 25 (Alx, 1) — Ay(x) — uAa(x)

u u?

(1= 25)A0 ) =~ 5 Ax) +



Kernel Method

Multiplying Apmy1(x) — Am(x) = xAmi2(x) by u™! and summing
over m > 1, we get
1 X
(A 0) — Aa(x)) — Al u) = 5 (Alx, ) — Ai(x) — uAa(x))
1 X X 1
(= —1—=5)Ax,u) = —?Al(x) + "

If we choose y = 1=v1=4x V21_4X, then we get Ai(x) = 1_V2i_4x, the
generating function of the Catalan numbers.

The number of vertices at each level are 1,1,2,5,14,42, ...



Inversion Sequences

An inversion sequence of length n is an integer sequence
e=e1---€e,suchthat 0 < ¢ < jforeach0<j<n.



Inversion Sequences

An inversion sequence of length n is an integer sequence
e=e1---€e,suchthat 0 < ¢ < jforeach0<j<n.

We use /, to denote the set of inversion sequences of length n.

L = {00,01}
5 = {000,001,010,011,002,012}

There is a bijection between /I, and S, the set of permutations of
length n.



Patterns: words over the alphabet [k] := {0,1,--- , kK —1}.

A pattern 7 is a word of length k over the alphabet [K].

There are basically thirteen patterns of length three up to order
isomorphism.

P5 = {000,001, 010,100,011, 101, 110, 021,012, 102, 120, 201, 210}



Patterns: words over the alphabet [k] := {0,1,--- , kK —1}.

A pattern 7 is a word of length k over the alphabet [K].

There are basically thirteen patterns of length three up to order
isomorphism.

P5 = {000,001, 010,100,011, 101, 110, 021,012, 102, 120, 201, 210}

An inversion sequence e € [, contains the pattern 7 if there is a
subsequence of length k in e that is order isomorphic to T;
otherwise, e avoids the pattern 7.

Io(7) denotes the set of all 7-avoiding inversion sequences of
length n.

For a given set of patterns B, we set I,(B) = Nrepla(7).



Examples for 1,(7)

e = 01102321 € I3 avoids the pattern 0000 because there is no
subsequence ejejexe; of length four in e with / < j < k </ and
€ = € = €k = €.



Examples for 1,(7)

e = 01102321 € I3 avoids the pattern 0000 because there is no
subsequence ejejexe; of length four in e with / < j < k </ and
€ = € = €k = €.

On the other hand, e = 01102321 contains the patterns

» 010 because it has subsequences —1 — — —3 — 1 or
— — — — 232— order isomorphic to 010,

» 000 because it has subsequence —11 — — — —1 order
isomorphic to 000.



Pattern-avoiding inversion sequences

They provide a unifying interpretation that relates a vast array of
combinatorial structures.

- Fibonacci numbers

- Catalan numbers

- Schroder numbers

- Euler up/down numbers

- Bell numbers

appear as enumerating sequences for pattern-restricted inversion
sequences.



Avoiding a single pattern of length three
Mansour-Shattuck(2015) and Corteel et.al. (2015)

There are basically thirteen patterns of length three up to order
isomorphism

P3 = {000,001, 010,100,011, 101, 110,021,012, 102, 120, 201, 210}

» |1,(012)| = F,—1, odd Fibonacci numbers.
Fo=0FR=1F,=F,_ 14+ F, 2 forn>2.

» |1,(021)| = r,_1, r, is the n'h large Schroder numbers.
rn is the number of paths in the first quadrant from (0,0) to
(2n,0) with steps (1,1),(1,—1) and (2,0).

» |1,(000)| = Epy1 is the Euler up/down numbers.
E, is the number of permutations of length n such that
o1 <0 >03<---.
tanx +secx = > o0 o E, %



Avoiding a single pattern of length three

> |/,(001)] = 21

v

|1,(011)| = B, the n*" Bell number.
By, is the number of ways to partition an n—element set into
non-empty subsets called blocks.

» |1,(101)| = |/,(110)| = powered Catalan numbers.

» |/,(201)| = |/,(210)| corresponds to A263777 in OEIS.

v

[1,(102)|, |1,(010)|, |1,(100)],|/,(120)| corresponds to
A200753, A263779, A263780, A263778, respectively.

The case 010 is solved by B. Testart(2022).



Avoiding pair of patterns of length three
Yan-Lin (2020)

Consider inversion sequences avoiding two element subsets of
P3 = {000,001, 010,100,011, 101, 110,021,012, 102, 120, 201, 210}

There are 78 pairs but Yan and Lin (2021) showed that there 48
Wilf classes and enumerated 17 of them.

- [1,(001,210)| = (5) + n
- For p € {(012,201), (012, 210)}, |Ix(p)| = 2" — ("§1) —2n -1

- For p € {(012,021), (110,012)}, |/n(p)| = 2" — n



Enumeration of /,(B)

algorithm+generating tree+kernel method — enumeration

Generating function R(x) = >, -, [In(B)|x".

We have three main steps:

> determine the succession rules for the corresponding
generating tree.

» determine the equations satisfied by the generating functions
from the tree rules.

P solve the equations and determine the enumerating sequence
for In(B).



Tree representation of Z(B) = U, /,(B)
We will construct a pattern-avoidance tree 7 (B) corresponding to
the class Z(B) as follows:
P the root is 0 and stays at level 1.
> the n’ level of the tree consist exactly the elements of /,(B).
» the children of e;e;---ep—1 € I,_1(B) are obtained from the
set {e1e2- - eq_16nlen =0,1,...,n— 1} by obeying the

pattern avoidance restrictions of B.

> we arrange the nodes from the left to the right so that
ei1e - --e,_1i appears on the left of ejer---e,_1j if i <.



Tree representation of /,(000, 021)

First four levels of 7(000,021)

0
00 01
001 002 010 011 012

0011 0012 0013 0022 0023 0101 0102 0103 0110 0112 0113 0120 0122 0123



An equivalence relation on 7 (B)

Let 7(B; e) denote the subtree in 7(B) which has the root e.

We define an equivalence relation on 7(B) as follows: let
e, € T(B)

e~ ¢ if and only if T(B;e) = T(B;€')



An equivalence relation on 7 (B)

Let 7(B; e) denote the subtree in 7(B) which has the root e.

We define an equivalence relation on T (B) as follows: let
e, € T(B)

e~ ¢ if and only if T(B;e) = T(B;€')
Lemma
Let t be the length of the longest pattern in B.

T(B;e) = T(B;€) if and only if T**(B; e) = T?{(B; ')



a simple example: enumeration of /,(000,001,012)

0 0
P N
00 01 00 01
PN AN
010 011 00 011
\ \
0110 00

The generating tree succession rules are given by

Root: 0,

Rules: 0 ~~ 00,01
01 ~~ 00,011
011 ~~ Q0.



a simple example: enumeration of /,(000,001,012)

Let R(x) = 3,51 |12(000, 001, 012)|x".

R(x) = x + xAoo(x) + xAo1(x),
Ao1(x) = x + xAoo(x) + xAo11(x),
Ao11(x) = x + xAoo(x),
Aoo(x) = x.

Then R(x) = x* + 2x3 + 2x2 + x.



the case B = {000, 021}

Based on the second tree, we try to figure out the succession rules
of the generating tree for the class Z(B).

0
’/\
00 o1
o T T
001 002 010 011 012

0011 0012 0013 0022 0023 0101 0102 0103 0110 0112 0113 0120 0122 0123

0
00 01
001 0 001 011 01

0011 001 O 00 01 0011 001 O 0011 0112 ©O01 001 011 01



Succession rules for the generating tree of /,(000,021)

We define rp =0, bg = 0, and for m > 1,

an = 0011---mm
bn = 0011---(m—1)(m—1)m
cm = 01122---mm

dm = 01122---(m—1)(m—1)m.
The generating tree 7(000,021) is given by

Root: n,

Rules: rg ~~ agdh,
am ~ bmt1bm - - - by,
bm ~ ambmbm—1 - bo,
Cm ~ amdm41dm - - - di,
dm ~ byCmdmdm—1 -+ d1.



Equations for the generating functions

Let R(x) = 351 |1n(000, 021)[x"

R(x) = x + xAo(x) + xD1(x),

X) =X+XZ Bj(x)
j=0

Bm(x) = x + xAm(x) + x Z Bj(x)
j=0
m+1
Cm(x) = x + xAm(x) + x Z Dj(x)
=1

Dm(x) = x 4+ xBm(x) + xCpn( —|—XZD



Bivariate generating functions

We define
= Z Am(x)u™, B(x, u) = Z Bm(x)u™
m>0 m>0
:ZCm(X Yu™ " D(x, u) = ZD
m>1 m>1
Hence

R(x) = x + xA(x, 0) + xD(x, 0),

A(x, u) = X4 %(B(X, u) — B(x,0)) + 7B(x u),

1—
B(x,u) = 1j7u + xA(x, u) + ﬁB(x, u),

Clxu) = x —+ %(A(X, u) + D(x, u) — A(x,0) — D(x,0)) + ﬁo(x, u)
D(x,u) = 1 X —+ %(B(x, u) — B(x,0)) + xC(x, u) + 1%UD(X, u).



Kernel Method

From the second and third equations, we get

(1—x)u—x?—u? x? bs

u(l—u—x) A(X’u):_u(l—x)A(X’O)—i_(l—u—x)(l—x)'




Kernel Method

From the second and third equations, we get

(1—x)u—x?—u? x? bs

u(l—u—x) A(X’u):_u(l—x)A(X’O)—i_(l—u—x)(l—x)'

By choosing u = x?M(x), where M(x) = 1=x=V1-2x=3x% W is the

generating function for the Motzkin numbers, we obtain
xM(x)
1—x—x2M(x)

A(x,0) = = xM?(x),

and then



Kernel Method

From the second and third equations, we get

(1—x)u—x?—u? x?

u(l—u—x) A(X’u):_u(l—x)

X

(1—u—x)(1-x)

A(x,0)+

By choosing u = x?M(x), where M(x) = 1=x=V1-2x=3x% W is the

generating function for the Motzkin numbers, we obtain

xM(x)

A(x,0) = T—— EMx) M),
and then xM(X)(XzM(X) —u)
Alx,u) =3 +(x—Du+x2
and xM(x)((u + x)x2M(x) — u + x?)
B(x, u) =

u? + u(x — 1) + x2



Enumeration of /,(000, 021)

The generating function R(x) = >_ - (/,(000,021)[x" is given by

B 3x3 +x2—-3x+1 (l—x)2
2x2/(1+x)(1 - 3x) 2x2

R(x)
Hence
1
‘/,,(000, 021)‘ = 5(33,,,1 +ap —3apy1 + 3n+2)

for all n > 1 where a, = >.7_o(—1)"* (") (34).



Enumeration of /,(021,00011)

the vertex labeling symbols:
am = 0™, by =017, ¢y = 001™, dppy = 0212 ... m?, ey = 0212 ... (m — 1)%°m, f, = 01222 ... m?, and
8m = 01222..(m - 1)2m, for all m > 1; and a. = e for an inversion sequence e.

the generating tree succession rules:

ap ~> 0081, apo ~~ a3€13002,

2002 ~> 23200223002 20022 ~> 24300222€12002;

200222 ~ 5323000230003 5 am ~* am+1 ° * 233000230003 5

bm ~> bmi1€mam - - - a3a000230003; M > 3 dm ~> ami4Cmi2€m+1 -+ - €1age2, m>1
€m ~> Am43Cm4+1dm+1 * * - 833000290003 » fm ~> dmbmi28m+1-- -8, m2=1

em ~> ami3dmem - - - €13002, &gm ~> emfmgm - g, m2>1

Then we have

(1—x—3x%)VT —4x—9x3—3x> +4x—1
2x3/(1 + x)(1 — 3x)
(2 —2x +3x2)y/1 — dx + 2x3 — 8x% + Tx — 2
2x3 '

F(o21,00011)(X) =




Enumeration of /,(021,00012)

the vertex labeling symbols:
am = 0™, by =017, ¢y = 001, dpy = 0212 ... m?, ey, = 0212 ... (m — 1)°m, f, = 01222 ... m?, and
&m = 01222 . . (m— 1)2m, for all m > 1; and a. = e for an inversion sequence e.

the generating tree succession rules:

ap ~* 0081, a00 ~ a3€1a002,
4002 ~* 43200224002 40022 ~* 94€148002400222
3 2
400222 ~* a5¢33ag001 1 40001 ~* 4ppo1»
m m
am ~* am+130001> bm ~> bm41¢maggor »
m+1 d
€m ~* @m+3Cm+120001 » m ~* @m+4Cm+2€m+1 * * * €14002;
em ~> am{3dmem - - - €13002, fm ~» dmbmi28m+1 - - - 81,

gm ~ emfm&m - - - 81-
Then we have
4x9 — 8x% — 8x7 +10x0 — 18x®> +6x* +8x3 — Ox2 +4x — 1
2x2(1 4+ x)3(1 — x)*(1 — 2x)
18x7 — 24x% 4+ 24x5 + 8x* — 26x3 + 17x2 —6x + 1
2x%(1+ x)(1 — x)*(1 — 2x)/(1 + x)(1 — 3x)

F(o21,00012)(X) =




Enumeration of /,(021, 1)

Mansour-Y. (2022)

We determined the generating trees and generating functions for
the inversion sequences avoiding 021 and another pattern of length

4 or 5.

In({021,

({021,

({021,

IIn({021,

|In({021,

IIn({021,

(4n — 25)(—1)"

n(n+1)—1 1
0001})| = - _n 4) +3—23”+4
n+1
41*39( 1)1 L1 e
+ —_— j —j+=--=3 Mus1—j,
Z( *2 2 3 e
2n
oom})\:( )
n

n+1
0011})| = Cp2 +1 = Y G,

j=0

n+1)(2n® +7n + 24
0012})| = 2"3 — (nt D@ +Tnt24)
6
P 4+n+6 (2n+6)

8(2n+3)(2n+5) \ n+3
n+1 1

0101})] = |/n({021,0111})] = 3 = (i j 1) (2"::2; i)

i=1 !

0100})| = [/n({021,0110})| =



n+1

n+1 n? +2n+ 12
I1n({021,0102})] = 2" — % —1+3°¢G
j=0
n
l1n({021,0112})| = Coyy — 2" +14+ 52",
Jj=0
1/2n+2 1O 2
1n({021, 0120 = |1,({021, 0122 = - R ,
In({ Dl = Ih( i 2(“1) 2;(1)
_ n(n+1
I1n({021,0123})] = 2" *(n® — 30 +4) + % —1,

|1,({021,1000})| = |/n({021, 1100} )| =

n® + 2n* + 23n% + 46n% + 1200 + 48 <2n>
2(n+ 1)(n +2)(n+ 3)(n + 4) ’
L12)

> (5

Jj=0
1/2n+6 5 /2n+ 4 5 /2n+2 1 2j

oz a0z = (32 S 2 (R L2 (T s (%)
2\n+3 2\n+2 2\n+1 2j:0 J

1
4ot i(n“ +2n° + 110 + 34n + 36),

n

1
n+1

|1n({021,1001})| = |/n({021, 1011})| = |/5({021, 1101})| =

[1n({021,1020})| = |In({021, 1022})]

7(2n+8) 13(2n+6)+21<2n+3) 1%(21‘) 1
T \n+4 2 \n+3 2 \n+2 2=\ 2

Jj=0



[In({021,1023})| =

[In({021, 1102})| =

[In({021, 1120})| =

I1n({021, 1200})

[In({021,1203})| =

+

[In({021, 1220})|

[In({021,1230})| =

+1 3 2
n(3n° + 22n° + 1290 + 398)
@ = —1)Coy1j +
go J=1)Chy1—j ”

1/2n+6 21 /2n+ 4 2n 42 n+1 13
L) -2 () g e

n+3 n+2 n+1

n <2n+4>
22n+3)\n+2/’

S
E]

n—1

n+1

n 2n+2 R
:|/n({o21,122o})\:i< + ) 122 +1)( )—4,

2(n+2)

n+1 B 19
24 (4 n? —2%n—108) +2""}(n? — 11n+28) — —

1<2n+2) 1"2“0 <2n+2—2j)
2\n+1 i)’

n+1—j

_ n+4(2n+1> 74”+j§::0(2f+1)(2jj>’

n+2 n

1 n_oj P 2n+2—2j
7(244"+1)+Z(i —2’_1)( " ,J).
3 j:12 n+1—j

—w+&(

+2"71(n? — 3n — 52) + 24,

2n+6 — 2j

n+3—j

)



Thank you!
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succession rules

Consider the children of a node labeled by a,, = 0011--- mm:

amj =0011---mmj where j=m+1,m+2,...,2m—+2

otherwise, a,,j does not avoid B.
» an(m+1)=0011---mm(m+ 1) = bpy1;

» for other j values, a,(m+j) = 0011--- mm(m + j);
note that 7(B; am(m + j)) = T(B; bms2—j) by removing the
letters m+2 —j m+3 —j,...,m and decreasing each letter
greater than m by 2j — 1.

» therefore the children of the node with label a,, are exactly
the nodes labelled by by t1, bm, - - ., by, that is,
am ~ bmy1bm - - bo.
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